Abstract. In this paper we derive the Reynolds type lubrication equation with memory effects for lubrication of a rotating shaft. Starting from the nonstationary Stokes equations and using the asymptotic expansion we obtain a law that is nonlocal in time and gives a linear connection between velocity and pressure gradient. Our law tends to the classical Reynolds equation when time tends to infinity.
Introduction
We consider the lubrication process of journal bearings. A circular shaft of radius R and length L rotates on a lubricated support with angular velocity ω. Between the shaft and the support there is a thin domain completely filled with a viscous incompressible lubricant injected by some prescribed velocity. The flow regime is assumed to be laminar, and heating effects are neglected.
Let the length scale in the "plane" of the film be denoted by L ϕz (as L ϕz we can choose L or 2Rπ), and let l be the film thickness; for conventional bearing geometries l/L ϕz = O(10 −3 ). We use these length scales to normalize the equations of motion. Nondimensional coordinates, denoted by overbar, we define as follows {r, ϕ, z} = 1 L ϕz { L ϕz l r, ϕ, z}.
Let U * represent the characteristic velocity in the "plane" of the film. The equation of continuity then requires U * the film, and we arrive the following definition for normalized velocity:
where the overbar again denotes normalized, i.e. O(1), nondimensional quantity. The nondimensional pressure and time are chosen to be
Here Ω is the characteristic frequency of the flow, and the Reynolds number has the definition Re = lU * /ν. Substituting into the Navier-Stokes equations and neglecting terms of order ( l Lϕz ) 2 , we obtain
,
Here Ω * = l 2 Ω ν and Re * = Re l L are the reduced frequency and the reduced Reynolds number, respectively, and p = p(ϕ, z).
Contrary to [4] where, starting from the full Navier-Stokes equations, we derived rigorously the classical Reynolds equation for lubrication of a rotating shaft, in this paper we consider temporal inertia limit of the Navier-Stokes equations, which is characterized by Re * → 0, Ω * > 1, and derive a law which is nonlocal in time and properly describes the transient effects.
According to Szeri [10] , when one of the bearing surfaces undergoes rapid small-amplitude oscillation, the condition Ω * >> Re * is approximately satisfied. In this case, we retain the temporal inertia terms but drop the terms representing convective inertia. Expressed in primitive variables, the equation of motion have now the reduced form ∂u ϕ ∂t = − 1 R ∂p ∂ϕ + µ ∂ 2 u ϕ ∂r 2 , ∂u z ∂t = − ∂p ∂z + µ ∂ 2 u z ∂r 2 . From the asymptotic analysis point of view, these are equations for the lowest approximation of the velocity u. For the above-described situation the fluid flow in a thin film is described by the nonstationary Stokes system where the term with ∆u is equal µε 2 . Starting from nonstationary Stokes system and performing asymptotic analysis of this perturbed problem we study the behavior of the flow as ε → 0.
At the limit, we find the Reynolds equation with memory effects governing the 2-dimensional macroscopic flow, as an approximation of the Stokes system in thin 3-dimensional domain. The law is nonlocal in time and gives a linear connection between velocity and the pressure gradient. According to the described physical situation, memory effects appear only for short period of time. We prove that our law tends to the ordinary Reynolds equation when time tends to infinity.
To achieve these results we use some properties of the Laplace transform in a similar way it has been done in [8] , where the Darcy type law with memory effects was derived governing transient flow through porous media.
The mathematical justification of the Reynolds equation from the fundamental hydrodynamic equations has been subject of a lot papers.
The derivation of the classical Reynolds equations for a flow between two plain surfaces was given in [1] und [9] . A precise study of asymptotic behavior of the Newtonian flow in a thin domain between a rotating shaft and lubricated support was given in [4] and the difference between the solution of the NavierStokes system in thin domain and the solution of the Reynolds equation in terms of the domain thickness was estimated.
In [2] we considered lubrication of a rotating shaft with non-Newtonian fluid and starting from Navier-Stokes (Stokes) equations with nonlinear viscosity, being a power of the shear rate (power law), we derived non-linear Reynolds lubrication equation.
Description of the ε-problem
We consider the nonstationary Newtonian flow through a thin cylinder
The flow in cylinder C ε is described by the nonstationary Stokes system (2.1)
where p ε and u ε are the pressure and the velocity, respectively. In order to have a well-posed problem we suppose that the functions
continuous in variables ρ and ϕ. They are 2π-periodic in variable ϕ and for all t ≥ 0 satisfy the hypothesis
when t → ∞, we want to investigate the behavior of the limit problem when time tends to infinity. Lemma 6.1 gives the existence of a solenoidal vector valued function [11] ) gives the existence of a unique weak solution
, where V ε is the functional space given by
Statement of the main results
Let us now state the main results of this paper whose proofs will be found in the following sections. The first theorem shows that the Reynolds type equation with memory effects is an approximation of the Stokes system. We recall that
be a solution of the nonstationary Stokes problem (2.1). Let p be a solution of the nonstationary Reynolds problem
p is 2π-periodic in variable ϕ, and let u be given by
This theorem is a direct consequence of the Propositions 7.1 and 7.2 whose proof will be found in Section 7.
Remark 3.2. The existence and uniqueness of the problem (3.1) is given in Section 5, while the functions ξ, η, g and G are defined in Section 4.
The following theorems establish the connection between the nonlocal Reynolds-type problem (3.1) and the ordinary Reynolds problem from [4] .
(Ω) be a solution of the problem
and let u ∞ be defined by
for some λ 1 > 0, we have
for t ≥ t 0 and λ < min{λ 1 ,
Therefore, when time tends to infinity the nonlocal Reynolds equation (3.1) tends to the ordinary Reynolds equation that is valid for stabilized flow. That stabilization occurs in a very short time when data satisfy (3.5)-(3.6).
Asymptotic expansion
Due to the geometry of the domain, we work in the cylindrical coordinate system. We read the Stokes equations in cylindrical coordinate system and try to find an ansatz that fits the system and the boundary conditions on r = R, R + εh. We seek expansions for u ε and p ε in the form
where ρ = r−R ε . Substituting these expansions into the Stokes equations and collecting equal powers of ε leads to the lowest terms in the form
From the incompressibility equation we get
First we conclude that u
. We compute only the first term in the asymptotic expansion and we further denote that term by (u, p) instead of (u 0 , p 0 ). So, the first term (u, p) in the asymptotic expansion is a solution of the following linear problem
To solve this problem we use the Laplace transform. Hereû denotes the Laplace transform of function u in variable t.
Extending functions u and p by zero for t < 0 and using the Laplace transform in variable t we get the system (4.4)
We can computeû ϕ andû z aŝ
whereĜ andĝ are complex functions of three real variables (ρ, ϕ, z) and a complex variable τ :
We define the functionsξ andη as follows:
Let us note thatξ andη are analytic functions in the half plane Re τ > − 
Using the inverse Laplace transform we come back to the domain t ≥ 0 and find function u in the form
where G = G(ρ, ϕ, z, t) is the inverse Laplace transform ofĜ and g = g(ρ, ϕ, z, t) is the inverse Laplace transform ofĝ. The pressure p satisfies Reynolds equation
where ξ = ξ(ϕ, z, t) is the inverse Laplace transform ofξ and η = η(ϕ, z, t) is the inverse Laplace transform ofη. One boundary condition for p is 2π-periodicity with respect to ϕ. The other boundary condition follows from
and should be of the form
Solvability of the Reynolds equation
Now, we study the solvability of the Reynolds-type equation (3.1) which determines the effective flow. FunctionĜ given by (4.5) satisfies the equations
From these equations we get that
for Reτ > 0, as well as the estimate
As Reξ = Re h 0Ĝ dρ, for Reτ > 0 we have the estimate
where C > 0 is a constant. Therefore, for every τ ∈ C, Re τ > 0, the bilinear form
. Note that Ωη = 0. For every τ ∈ C, Re τ > 0, the compatibility condition
(Ω) for all τ ∈ C, Re τ > 0. Applying the isomorphism theorem 2.1. in [7] , pages 99-100 (for details see [3] ), we get the existence of the unique solution p ∈ D + (t,
(Ω) thus we can conclude that the problem (3.1) has the unique solution
Let us now study the regularity in time. We introduce the function
Using the Laplace transform we get a problem for the Laplace transform P (ϕ, z, τ ) of the function P (instead ofP (ϕ, z, τ ) we use abbreviated form P (τ )) :
This problem has a unique solutionP
Note that τξ is the analytic function in variable τ ∈ C for Re τ > − 
sh ah ch ah + cos bh + i sin bh ch ah + cos bh a − ib a 2 + b 2 + h, the real part of τξ is equal
We have
and Re τξ = 0 for h = 0, therefore Re τξ > 0 for Re
We need to know the behavior ofP (τ ) when τ → ∞. We haveξ = O(
Let P (0) be a solution of the problem
(Ω). Note that P (0) = 0 if and only if
For the difference ∇ ϕ,z (P (τ ) − P (0) τ ) we have the following estimate:
Proof. From (5.2) and (5.4) we get a problem for the differenceP (τ ) −
e z ·ĝ α dρ for α = 0, L. Multiplying the problem (5.5) withP (τ ) − P (0) τ , after integration over Ω, for |τ | < ∞ we get
and in that case we have the result. For a large |τ | we have the estimate
Note that |τξ − h| L 2 (Ω) ≤ C |τ | for a large |τ |. Analogous estimates are verified for other terms on the right side of the inequality (5.6). Therefore the claim of Lemma 5.1 follows for every τ , Re τ > 0.
For every τ , Re τ > 0, τP (τ ) − P (0) is the element of the vector space
From this inequality and Lemma 5.1 we have
is the Laplace transform of the function P (t) − P (0). According to Lemma 5.1 |τP (τ ) − P (0)| H 1 (Ω) ≤ C |τ | 2 and the representation formula for the inverse Laplace transform implies that P is a continuous function in variable t. Furthermore,
(Ω)).
A priori estimates
Lemma 6.1. Let φ ε (t) ∈ H 1 (C ε ), for (a.e.) t ≥ 0, be a solution of the problem
Then we have
Proof. As compatibility conditions are satisfied, conclusion follows from Lemma 4 in [2] and continuous dependence of solution on given data.
Furthermore,
Proposition 6.2. Let u ε be a weak solution for (2.1). Then we have
where
Proof. Let φ ε be a function from Lemma 6.1 and
The energy inequality that corresponds to this problem (see Temam [11] , page 291) is
for (a.e.) t ∈ [0, T ]. The inequalities
and the energy inequality give
Backward substitution, u ε = v ε + φ ε , implies the following inequality for u
We use estimates for φ ε given in Lemma 6.1 and conclude that
for (a.e.) t ∈ [0, T ]. The conclusion follows.
In the next step we introduce the pressure. Following the idea from Temam [11] , page 307, we introduce the function
Let u ε be a weak solution of the problem (2.1), then
According to De Rham's lemma (see Temam [11] ), there exists
Lemma 6.3. P ε satisfies the following estimate
Proof. We suppose that Cε P ε (t) = 0. Let z ε be a solution of the problem
From Lemma 6.1 follows
We take z ε as a test function in (6.3) and get
To prove a convergence it is convenient for sequences of functions u ε , U ε , P ε defined on C ε to introduce rescaling functions
where ρ = r−R ε . Functions u(ε), U (ε) and P (ε) are defined on a domain Q T = C × (0, T ) which does not depend on ε, where
The following estimates are obtained from Proposition 6.2 and preceding lemma by simply changing the variable.
Lemma 6.4. For u(ε) we have the following estimates
Lemma 6.5. Function U (ε) satisfies the following estimates
Lemma 6.6. Function P (ε) satisfies estimates
Convergence
We introduce functional spaces
and
In the following, for any function u = (u r , u ϕ , u z ) we denote byũ = (u ϕ , u z ).
Proposition 7.1. There exist subsequences of u(ε), U (ε) and P (ε) (again denoted by u(ε), U (ε) and P (ε)) and functions
Further, P = P (ϕ, z, t) and p = p(ϕ, z, t). For (a.e.) t ∈ (0, T ), function u satisfies the equations
Function U satisfies the equations
U is 2π-periodic in variable ϕ, for every t ∈ [0, T ] and
Proof. Weak convergence is a direct consequence, according to the weak compactness, of the estimates given by the previous lemmas. The estimate (6.6) implies that the pressure P is independent of variable ρ. From (6.5) we deduce ∂Ur ∂ρ = 0. To prove that U r = 0, we choose the test function q = θ(t, ϕ, z)ρ in div ε U (ε) = 0, where θ ∈ D((0, T ) × (0, L); D per (0, 2π)). Using the Green formula, the boundary conditions on ∂C imply
We get
When ε tends to zero we get T 0 C θU r = 0. This implies U r = 0. It is easy to get (7.3). As
On the other side,
Due to the boundary conditions on U (ε),
thus we have
In the limit, when ε tends to zero, we get
From this we deduce that div ϕ,z
. Taking a limit when ε tends to zero we get ν ·
In the same way, working with the spaces L 2 ((0, T ) × Ω) and 2π) ), we can see that u satisfies (7.1).
Proposition 7.2. Let u and p be defined in previous lemma. Then u verifies (3.2) and p is a solution of the Reynolds equation (3.1).
Proof. Multiplying the equation
As U r = 0 and u r = 0, we can take φ = (0,φ). Taking a limit when ε tends to zero gives
and then
Deriving this equation with respect to t gives the following equations for u:
Solving these equations under conditions u(0, ϕ, z, t) = ω(t) e ϕ , u(h, ϕ, z, t) = 0, u is 2π-periodic u ϕ we find that u as a function of ∇ ϕ,z p is given by (3.2) . The other equations of (7.1) lead to the Reynolds equation (3.1) for p.
Remark 7.3. Theorem 3.1 is a direct consequnce of Propositions 7.1 and 7.2. It is easy to see that these results hold true if the initial condition u ε (x, 0) = w 0 (ϕ, z) in the problem (2.1) is replaced by
where w 0 ∈ H 1 (C) is 2π-periodic function in variable ϕ. In that case the function u is given by (3.2) and p is the solution of the problem
where In this section we prove theorems characterizing the behaviour of problem 2.1 for large t.
Proof of Theorem 3.3. If lim τ →0 τp exists, it is equal lim t→∞ p(t). In the same way, lim τ →0 τû ϕ = lim t→∞ u ϕ (t) and lim τ →0 τû z = lim t→∞ u z (t) if these limits exist.
We use the equations
we have the following estimate
As Reξ = − bh + bh cos bh − 2 sin bh 2b 3 cos
, b ∈ R, we can conclude thatp(τ − λ) is defined for τ close to 0 and
+τ |η(τ − λ)ω(τ − λ) − At the end we give a regularity result for the limit problem.
8.1. Regularity in time. The regularity in time for the limit velocity and the limit pressure is given by the following theorem. Proof. Using the finite difference in τ , from the problem (5.5) we get the problem for ∂ ∂τ (P − P (0) τ ). Multiplying that problem by ∂ ∂τ (P − P (0) τ ), after integrating over po Ω, for a large |τ | we get the estimate
For τ < ∞, we have the estimate Roughly speaking this theorem says that p is singular at t = 0. For t > 0, p is regular in time, with the space regularity depending on the functions g α , α = 0, L.
